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Abstract. Multi-objective optimization using an evolutionary computation
technique is wused extensively for solving conflicting multi-objective
optimization problems. In this work, an improved strategy of multi-objective
differential evolution (MODE) where the mutation strategy is changed to a
trigonometric mutation approach is proposed. The proposed strategy along with
other well known strategies of MODE is used to compare the performance
metrics (such as convergence and divergence) with other evolutionary
algorithms from the literature. The Pareto optimal solutions are obtained for
benchmark test functions and are compared using several strategies of MODE.
Improved strategies of MODE show a competitive performance when
compared with other evolutionary multi-objective optimization algorithms
(EMOAS).

Keywords:  Multi-objective ~ optimization;  evolutionary  algorithms,
trigonometric mutation; differential evolution; optimization

1 Introduction

Evolutionary Multi-objective optimization (EMO) is an improved approach over the
deterministic methods to solve mainly nonlinear, complex and real world problems.
Few of the known advantages of EMO include the robustness, their ability to give
number of solutions in a single run, their ability to handle the global search space,
ease to handle multiple objectives simultaneously, and ease to handle constraints
efficiently, etc. Due to these advantages and due to the complexity involved in test
problems and real world problems, evolutionary algorithms have gained popularity in
solving multi-objective optimization (MOO) problems. Due to the conflicting nature
of objectives, it is nearly impossible to get the optimum solution in case of a multi-
objective optimization problem. Therefore, compromised solutions are preferred and
such solutions are called as the non-dominated solutions rather than the optimum



solution. A set of such non-dominated or compromised solutions is called as a Pareto
optimal set [1].

Several modifications in the existing EMOs are reported in the literature. Jumping
gene adaptation is one of the improvements applied to non-dominated sorting genetic
algorithm II (NSGA - II) and the simulated annealing [2, 3]. Elitist strategy of NSGA
was proposed to improve the speed of convergence of NSGA [4]. NSGA-II uses the
concept of elitism, in which better chromosomes from current generation are copied
to the next generation. But due to the elitism mechanism (to preserve better
chromosomes) the diversity of the algorithm decreases. Kasat et al. [2] introduced
jumping genes (JG) into NSGA-II. This improved strategy of NSGA-II (NSGA-II-JG
and NSGA-II-aJG) performed much better than NSGA for various test problems and
real world industrial applications. Jumping gene adaptation was also applied to
Simulated Annealing algorithm to improve the performance of Simulated Annealing
algorithm [3].

Multi-objective differential evolution (MODE) algorithm is an extension of
differential evolution algorithm to solve multi-objective optimization problems [5, 6].
MODE algorithm is successfully applied on several test problems and on real life
industrial applications [7-12]. Two improved strategies of MODE, i.e., MODE II and
MODE III were proposed by Babu et al. [13]. MODE II was further improved by
incorporating the concept of elitism [14]. Hybrid strategy of MODE was proposed to
improve the convergence of MODE III algorithm [15]. In this work we propose yet
another strategy of MODE, where trigonometric mutation operation [16] is applied on
MODE 1II algorithm. The developed algorithm is successfully tested on several
benchmark test problems (both constrained and unconstrained). The Pareto front
obtained using newly developed algorithm is compared with the Pareto front obtained
using MODE III, E-MODE, and MODE algorithms. The performance of
Trigonometric MODE algorithm is compared (for convergence and divergence
metrics) with other well known algorithms (such as NSGA-II (both binary and real
coded), Strength Pareto evolutionary algorithms (SPEA) and Pareto achieved
evolutionary algorithm (PAES) for two selected test problems [1, 4]. In the following
sections we present the working principles of MODE III and trigonometric MODE
followed by the results and discussion.

2 Improved Strategies of Multi-objective differential evolution
(MODE)

Multi-objective  differential evolution is developed to solve multi-objective
optimization problems. MODE involves non-dominance sorting of current population
members after each generation. The non-dominance sorting is applied to remove the
dominated population points and to give a better direction to the algorithm towards
the Pareto front. However, repetitive non-dominance sorting may reduce the size of
population points and may result in minimum number of points on the Pareto front.
MODE III algorithm was proposed by Babu et al. [13] to remove the problem of
reduction of population size. MODE III algorithm is simple extension of differential
evolution algorithm with modified selection scheme. In MODE III algorithm only the



non-dominated points may enter in the current population. Thus the selection scheme
itself ensures that dominated and worst points are discarded from the current
population and only the better and non-dominated points enter in the population. Thus
the population points are updated and Pareto front is obtained. The non-dominated
sorting is invoked at the end of the algorithm to ensure that the converged front does
not contain any dominated point. The pseudo-code of MODE III algorithm may be
represented as below:

**Pseudo-code for MODE - 111
Initialize the Crossover Constant (CR), Maxgen, Size of Population (NP), Number
of Dimensions (D)
fori=1:NP
forj=1:D
X;j= Lower (j) + (Upper (j) —Lower (j)) *rand (0,1);
End for
Evaluate Cost(i)
End for
YoPerform mutation, crossover, selection and evaluation of the objective function for
Yotrial and target vector for a specified number of generations.
For gen=1:Maxgen **Generation Loop**
Fori:1:NP **Population Loop**
Select Target vector X;
Select three distinct vectors X, X, and X, other than X;

do

{
ry=round (rand*NP)
ry=round (rand*NP)
rs=round (rand*NP)

/

while [(r,== i) Il (r;==i) (r;==1i) I(r;==ry ) I(r;==r3) ll(r;==r;3)]

Jrana=int{rand(0,1)*D] + 1

forg=1:D

{

lf(p<CR I qzzjrand)

X,=Xr; + F (Xr,-Xr3) %Trial vector
else

X=X, %Trial vector
J

Evaluate Trial vector
YoPerform selection for each target vector, X; by comparing its function value with
Yothat of the trial vector, X, . If X,; dominates X, then select X,; otherwise select X;
Yofor the Jonext generation population.

If (X, ; dominates X;)

Replace Target with current X, ;

else Retain current X; as a Target vector



end for **population loop end**
end for **generation loop end**

Trigonometric Mutation operation for MODE III. As shown in the pseudo-code
above, the mutation operation is carried out in MODE and MODE -III algorithm
using three distinct vectors. These vectors are perturbed by applying a scale factor so
that a new and hopefully efficient vector (noisy random vector) is created [16].
However, the noisy random vector thus created does not get any direction towards the
better function value. This is achieved by applying trigonometric mutation operation
to the selected vectors. Earlier trigonometric mutation operation was applied to
differential evolution algorithm to solve single objective optimization problems [17].
In this work we apply trigonometric mutation operation to MODE III algorithm to
solve multi-objective optimization problems. The trigonometric mutation operation
for multi-objective optimization problems is given by the following pseudo-code:
**Pseudo-code for trigonometric mutation operation for MOO
Select three distinct vectors X,, X;, and X, other than X;
do
{
r;=round (rand*NP)
ry=round (rand*NP)
r3=round (rand*NP)
J}while [(r,==1) Il (rj==i) I(rs== 1) ll(rj==ry ) I(r;==r3) ll(r;==r3)]
If (rand(0,1) >Mt)
Tempp,=f(Xr;);
Tempp,=f(Xr2);;
Tempp;=f(Xrs);
Sum= |Tempp;|+| Tempp,;|+| Tempp,|
pi= Tempp\/sum;
p2= Tempp,|/sum;
ps3= Tempp;s|/sum;
forj=1:D
Xtij = (Xr(Lj)+X ro(Lj) + X ro(1j)V/3 + abs(ps-pr)*(X 1, (1j) - X 1> (1))
+ abs(psp2) (X ra(1,j) - Xrs(j)) + abs(py-ps) (X rs (1j)-X ri(1j));
end for
else
X, =Xr; + F (Xr,-Xr3) %Trial vector
End
Simple mutation operation involves the random selection of first individual vector
out of randomly selected three vectors. The scaled difference is added to this
randomly selected individual. In case of trigonometric mutation operation, the center
point of the hyper geometric point is taken as the vector to be perturbed. As seen from
the pseudo-code of trigonometric mutation operation for MOO, the perturbation in the
trigonometric mutation operation is contributed together by three vertices of the
triangle defined by three randomly selected vectors. The weights applied to the
vectors differentials i.e. (p>-p1), (P3-p2), and (p;-p;) ensures that the new point moves
in the direction of improved objective function value. In case of single objective



optimization, Tempp,, Tempp, and Tempp; (as given in pseudo-code above) are the
variables which contain a single objective function value.

However, in case of multi-objective optimization Tempp,, Tempp, and Tempp; are
the vectors which contain the values of evaluated multiple objective functions. The
sum is also a vector which contains the sum of individual objective functions. The
mean value of all the objectives is calculated as shown by p;, p, and p; variables. The
noisy random vector is now created by using the p;, p, and p; variables as weight as
given in above pseudo-code. It is ensured that the noisy random vector moves in the
better direction where there is an improvement in the objective function value. The
mutation probability used in this algorithm is 0.5%, i.e. if the random number
generated is greater than 0.5 then trigonometric mutation operation is carried out
otherwise simple mutation operation as given in MODE III algorithm is used.

Table 1 gives the test problems, number of variables and its bounds and nature of
Pareto front. 5 test problems are used in this study to compare the performance of
trigonometric mutation MODE Pareto front with the Pareto front obtained using other
algorithms. Following section deals with the results and discussion of present study.



Table 1. Multi-objective optimization problems, number of variables, their bounds and nature
of Pareto front considered in the present study

Problem Description nBounds Pareto front
Schaffers 1 -3 . 3 Convex
Study 1 [-10 7.107]

2

(SCHI) h)=x

[18] 2
f () =(x-2)

Fonseca’s ) 3 [-4.4] Nonconvex
and ) - g L
Fleming’s fl (x) =1 —exp| — ) T \/;
Study i=1
(FON) [1]
fx)=l-exp| - X | x +—
2 sVt A
Schaffers , < I [-5,10] Nonconvex,
_ <1 s
Study 2 o if x Disconnected
(SCH2) x=2 ifl<x<3
(18] f(x)=
4-x if3<x<4
x—4 if x>4
2
f(0 = (x=5)
Poloni’s _ [ 2 2] 2 [~z 7] Nonconvex,
Study Hx) =[1+(A; =By )" +(Ay —B)) Disconnected
(POL) [19] 2 2
fz(x):[(xl+3) +(xy +1) ]
Al =0.5sinl1—2cos1+sin2—1.5cos 2,
A2 =15sinl—cosl+2sin2—0.5cos 2
Bl = 0.5sin x| - 2 cos X+ sin Xy = 1.5cos Xy
32 =1.5sin x| —cosxy + 2sin Xy = 0.5cos Xy
Binh and 2 2 2 Convex
_ 0,5 >
Korn ] 1 ()= 4x1 + 4x2 xl €105 Constrained
Study 2 2
(BNH) fr(0) = =57 +(xy =5) x, €10.3]
[20]

2
Sub to Cl(x) = (xl —5)2 +xy <25

C2 (x) = (xl —8)2 +(x2 +3)2 >7.7




3 Results and Discussion

The trigonometric mutation MODE code (developed using Matlab 7.0 routine) is
tested for various test problems as given in Table 1. The parameters used in the
present study are same as that reported in the literature [1]. The crossover constant is
assumed to be 0.9, maximum numbers of generation is 250, and the scaling factor is
generated randomly. Initial population size is kept to be 100 for all the algorithms.
Two widely used performance metrics are used for comparing the performance of
trigonometric MODE with other algorithms reported in the literature. The first metric
is the convergence metric (y) in which the average distance between the currently
obtained non-dominated solutions and the true Pareto front is obtained. Another
metric used is the divergence metric (A). This metric uses the diversity of currently
obtained non-dominated solutions among themselves [1]. The average and the
variance (square of standard deviation) for 10 different runs for the convergence and
the divergence metric are reported in table 2 and table 3 respectively.

Table 2. Performance metric (Convergence) comparison of several algorithms on selected test
problems

Algorithm SCH FON
Real coded NSGA-II" y  0.003391 0.001931
o, 0 0
NSGA-II Binary~ vy 0.002833 0.002571
c%, 0.000001 0
SPEA~ vy 0.003465 0.010611
o, 0 0.000005
PAES~ vy 0.001313 0.151263
c?, 0.000003 0.000905
MODE* vy 0.0021 0.02554
o, 0 0.00063
MODE IIT* vy 0.002236 0.003381
o, 0 0
E-MODE* y 0.001948 0.002119
o, 0 0
T-MODE* vy 0.002035 0.003151
sz 0 0

*Values obtained in the present study, “Values taken from ref. [1, 4]
First Best: Bold Font; Second Best: Italic font

Performance metrics for two test functions (namely SCH and FON) are reported in
this study. Table 2 shows that PAES converged to the greatest extent for SCH test
problem. All the algorithms except binary coded NSGA-II show the variance value as
zero. Elitist strategy of MODE performed second best in case of convergence for
SCH test problem. For FON test problem, real coded NSGA-II outperformed other



algorithms. Binary coded NSGA-II and T-MODE algorithms performed better than
other algorithms for SCH test problem for average value of diversity metric and the
variance value respectively. Real coded NSGA-II is second best for average diversity
aspect; however MODE III is second best for variance value. FOR FON test problem,
in terms of diversity the real coded NSGA-II performed better than other algorithms.
Both the average and the variance values of real coded NSGA-II algorithm are better
than other algorithms. NSGA-II (binary coded) is second best for average value of
diversity metric whereas MODE III is second best for the variance value.

Fig. 1 shows the objective space and the Pareto optimal solutions obtained using
several algorithms. The objective space is convex in nature. Because SCH is a single
variable, unconstrained multi-objective optimization test problem, it is relatively easy
to solve in comparison to other complex test problems. Fig. 2 shows the Pareto
optimal front obtained using different strategies of MODE algorithm. Fig. 2 shows
that Pareto optimal solutions lie in the range of x € [0,2].Both f; and f, objective
functions covers the range [0, 4].

Table 3. Performance metric (divergence) comparison of several algorithms on selected test
problems

Algorithm SCH FON
Real coded NSGA-II" A 0.477899 0.378065
o’y 0.003471 0.000639

NSGA-II Binary~ A 0.449265 0.395131
o?, 0.002062 0.001314
SPEA™ A 0.818346 0.804113
o2, 0.004497 0.002961
PAES™ A 1.063288 1.162528
0%, 0.002868 0.008945
MODE* A 0.67099  0.70069
o?, 0.01332  0.03397
MODE III* A 0.59953  0.620052
0%, 0.00155  0.00095
E-MODE* A 0.571475 0.700227
o?, 0.006496 0.018964
T-MODE* A 0.596636 0.612571

o2, 0.000926 0.002879

*Values obtained in the present study, “[1, 4]
First Best: Bold Font; Second Best: Italic font
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Fig. 3. Comparison of Pareto optimal solutions for FON test problem

The Pareto fronts obtained using FON test problem is shown in fig. 3. FON test
problem is nonconvex in nature and therefore it is difficult for any algorithm to
converge to the true Pareto front. The Pareto optimal solutions correspond

*
tox, = —1/ \E . The MODE algorithm resulted in only 2 numbers of points on the
1

Pareto front (out of initial population of 100) after a specified numbers of generations.

SCH2 is a single variable bi-objective optimization problem with two
discontinuous regions as shown in Fig. 4. The objective space is nonconvex in nature.
The dominated region and the objective space boundary are shown in Fig. 4. The
Pareto optimal front is shown in the region marked with box. The Pareto front lies in

*
the range of decision variable x € [1,2]U[4,5]. Region A-B (in fig. 4) corresponds to
JSi value in the range of [-1 0] and region C-D corresponds to f; value in the range of
[0 1] satisfying the x~ value as given above. The Pareto fronts obtained using several
strategies of MODE algorithm is shown in Fig. 5. All the strategies of MODE
converged to the true Pareto optimal front with numbers of solutions as shown in
Table 3.
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Fig. 5. Pareto front using several algorithms for POL test problem
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The nonconvex objective space and the disconnected Pareto fronts for POL test
problem is shown in Fig. 6. Region X and region Y totally depend on the bounds of
the decision variables. Region X is obtained when the decision variable x; converged
to its lower bound. Fig. 7 shows that MODE algorithm converged to the local Pareto
front in region X. Point A [(f,/5) = (1.00, 28.422)] is the dominated point when the
algorithm gets converged to the global Pareto front. Thus the local Pareto optimal
front may not only shrunk but also may widen the local Pareto front in the given
search space. The value of f; < 2 is obtained when x; approaches its lower bound
of—x.

BNH is a bi-objective constrained problem having a convex objective search space.
Due to the convex nature of search space, all algorithms are able to reach the global
Pareto front. Due to the simple convex nature of the search space all the algorithms
converged to the Pareto front with 100% convergence ratio of initial points. The
effect of constraints on the Pareto front is shown in Fig. 9. Trigonometric mutation
algorithm is run individually after relaxing constraint C;, C, and then both C; and C,.
Fig. 9 shows that constraint C, is redundant in nature. The constraint C; and C, does
not change the nature of Pareto front as shown in Fig. 9. The Pareto optimal solutions

are due to variables in the range of xl* = xz*e [0,3] and xl*e [3.5], x2* =3 Both

x; and x, values increase from O to 3 linearly till x,=3. After x,=3, with further
increase in x; variable value, the value of variable x, remains almost constant.
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Fig. 8. Pareto optimal solutions for BNH test problem
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Table 3. Number of points converged to Pareto optimal front

Test problem T-MODE E-MODE MODE-III MODE

SCH1 100 100 100 69
SCH 2 100 100 100 60
FON 99 100 43 02
POL 98 100 100 9

BNH 100 100 100 100




4 Conclusions

Trigonometric mutation operation is successfully applied to an
improved strategy of multi-objective differential evolution (MODE).
The proposed trigonometric mutation multi-objective differential
evolution (T-MODE) algorithm is tested for several benchmark test
problems. The performance metrics such as convergence metric and the
divergence metric are calculated for T-MODE, E-MODE, MODE III
and MODE algorithms for two test functions (SCH and FON) and are
compared with other well known algorithms from the literature. The
proposed algorithm is found to be competitive one for solving multi-
objective optimization problems. The Pareto optimal solutions are
obtained and are compared using improved strategies of MODE for
several benchmark test functions (such as SCH1, FON, SCH2, POL
and BNH). The proposed algorithm can be used to solve the complex
test problems and the real world engineering problems.
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