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Abstract

Real world engineering design problems are usually
characterized by the presence of many conflicting
objectives. The optimal solution to such problems
results in a number of trade-off solutions, rather than a
unique solution. The use of evolutionary algorithms for
solving such problems has attracted much attention
recently, as they can find multiple optimal solutions in
one single simulation run due to their population based
search approach. In this study some of the limitations of
Non-dominated Sorting Genetic Algorithm (NSGA), a
multiobjective evolutionary algorithm are addressed
using Differential Evolution (DE), which is an
improved version of Genetic Algorithm (GA). The
solutions provided by Multiobjective Differential
Evolution (MODE) for three standard test problems and
an engineering problem are compared with those
obtained using NSGA, and the proposed algorithm is
found to give encouraging results.
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I. INTRODUCTION

Optimization refers to finding one or more feasible
solutions, which correspond to extreme values of one or
more objectives. A significant portion of research and
application in the field of optimization considers a
single objective, although most of the natural world
problems involve the use of more than one objective
which are conflicting in nature. When an optimization
problem involves more than one objective function, the
task of finding one or more optimum solutions is known
as multi-objective optimization (MOOP) [1]. In these
situations, the aim is to simultaneously optimize a group
of conflicting objectives. Different solutions may
produce trade-offs (conflicting scenarios) among
different objectives. A solution that is extreme (in a
better sense) with respect to one objective requires a
compromise in other objectives [2]. In multiobjective
optimization, there may not exist a solution that is best
with respect to all objectives. Instead, there are equally

good solutions which are known as Pareto optimal
solutions [1].

A Pareto optimal set of solution is such that when
we go from any one point to another in the set, atleast
one objective function improves and at least one other
worsens [3]. Neither of the solutions dominate over
each other. All the sets of decision variables on the
Pareto front are equally good and is expected to
provide flexibility for the decision maker. Normally,
the decision about ‘“what the best answer is”
corresponds to the so-called decision maker [4].

Traditionally, there are several methods available
in the literature for solving MOOP problems [1]. These
methods follow a preference-based approach, where a
relative preference vector is used to scalarize multiple-
objectives. Since classical search and optimization
methods use a point by point approach, where one
solution in each iteration is modified to a different
solution, the outcome of using a classical optimization
method is a single optimized solution. However,
Evolutionary Algorithms (EAs) can find multiple
optimal solutions in one single simulation run due to
their population-based search approach. Thus, EAs are
ideally suited for multi-objective optimization
problems. A detailed account of multi-objective
optimization using evolutionary algorithms and some of
the applications using genetic algorithms can be found
in literature [1, 5, 6, 7].

Recently, Bhaskar et al. [8] have carried out the
multiobjective optimization of reactors producing fiber
grade polyethylene terephthalate (PET) using NSGA.
They reported that the multiobjective optimization
problem had a unique optimal solution (no Pareto set
was obtained). Also they found that several minima in
the decision variable space were present, where the
values of the two objective functions were almost
identical for all practical purposes [9]. This test
problem triggered us to search for a robust MOOP
algorithm. As DE is found to give better results than
GA for single objective optimization problems [10, 11,
12, 13, 14], we tried to extend the application of DE to
MOOP problems.
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The approach shows promising results when
compared with the NSGA results. The paper is organized
as follows: concepts about DE are explained in Section II
followed by the proposed algorithm in Section III.
Experiments are then presented in Section IV with
discussion in Section V and conclusions are drawn in
Section VI.

II. DIFFERENTIAL EVOLUTION (DE)

Differential Evolution [15] is an improved version of
GA [16] for faster optimization. Unlike simple GA that
uses binary coding for representing problem parameters,
DE is a simple yet powerful population based, direct
search algorithm for globally optimizing functions with
real valued parameters. Among the DE’s advantages are
its simple structure, ease of use, speed and robustness.
Price & Storn [15] gave the working principle of DE with
single strategy. Later on, they suggested ten different
strategies of DE [17]. A strategy that works out to be the
best for a given problem may not work well when applied
for a different problem. Also, the strategy and key
parameters to be adopted for a problem are to be
determined by trial & error. The schematic diagram in
Figure 1 provides a way to visualize the working principle
of DE. Pseudocode for solving simgle objective
optimization problems using DE is discussed in Section
1.1. The crucial idea behind DE is a scheme for
generating trial parameter verctors. Basically, DE adds
the weighted difference between two population vectors to
a third vector. The key parameters of control in DE are:
NP-the population size, CR-the crossover constant, and F-
the weight applied to random differential (scaling factor).
Price & Storn [17] have given some simple rules for
choosing key parameters of DE for any given application.
Normally, NP should be about 5 to 10 times the dimention
(number of parameters in a vector) of the problem. As for
F, it lies in the range 0.4 to 1.0. Initially F = 0.5 can be
tried then F and/or NP is increased if the population
converges prematurely. As for CR, it lies in the range 0.1
to 1.0. Babu et al. [13] proposed a new concept called
‘nested DE’ to automate the choice of DE key parameters.
In addition, some new strategies have been proposed and
successfully applied to optimization of extraction process
[18].
DE has been successfully applied in various fields. Some
of the successful applications of DE include: digital filter
design [19], batch fermentation process [20, 21],
estimation of heat transfer parameters in trickle bed
reactor [22], optimal design of heat exchangers [10, 11],
synthesis & optimization of heat integrated distillation
system [23], optimization of an alkylation reaction [24],
optimization of non-linear functions [25], optimization of
thermal cracker operation [12], global optimization of
MINLP problems [14], optimization of water pumping
system [26], optimization of biomass pyrolysis [27], etc.
Many engineering applications using various evolutionary
algorithms have been reported in literature [28, 29, 30].
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Figurel Schematic representation of DE algorithm

A. Pseudocode for DE
The pseudo code of DE for single objective

optimization is given below:

e Choose a seed for the random number generator.

e [nitialize the values of D, NP, CR, F and MAXGEN
(maximum generation).

e [nitialize all the vectors of the population randomly. The
variables are normalized within the bounds.

fori=1toNP

{ forj=1toD

X;j =Lower bound+ random number * ( upper
bound - lower bound) }

®  All the vectors generated should satisfy the constraints.
Penalty function approach, i.e., penalizing the vector by
giving it a large value, is followed only for those vectors,
which do not satisfy the constraints.

®  Evaluate the cost/profit of each vector. Cost/profit here
is the value of the objective function to be
miniimized/maximized.

fori=1toNP
C;, =funct()

° Perform mutation, crossover, selection and evaluation of
the objective function for a specified number of
generations.

While (gen < MAXGEN)
{ fori=1to NP
{

e For each vector X; (target vector), select three distinct
vectors X, X, and X. randomly from the current
population other than the vector X;

do
{ r; = random number * NP
ry = random number * NP
r3 = random number * NP
}
while
(r;=i)OR(r,=i)OR(r;=i)OR(r;=r;)OR(r,=r3)OR(r;=13)



®  Perform crossover for each target vector X; with its noisy
vector X,,; and create a trial vector, X, ;. The noisy vector is
created by performing mutation.

®  for binomial crossover

{

p = random number
Jrana = int(rand[0,1]* D)+1
forn=1toD
{ lf(p<CR0rn:jmnd)
Xyi=Xoi+ F(Xpi-Xei)
Xr,i = Xn,i
] else X,;=X;;
}
e Again, the NP noisy random vectors that are generated
should satisfy the constraints.
®  Perform selection for each target vector, X; by comparing
its cost/profit with that of the trial vector, X,; for
maximization problem whichever has the maximum profit
will survive for the next generation.
/% fori=1to NP */
C,; = funci()
if(Ci>Ci)
new X; = X,
else newX; =X, }
}
®  Print the results (after the stopping criteria is met).

The stopping criteria may be of two kinds. One may
be some convergence criterion that states that the error in
the minimum or maximum between two previous
generations should be less than some specified value
(standard deviation may be used). The other may be an
upper bound on the number of generations. The stopping
criteria may be a combination of the two as well.

III. MULTIOBJECTIVE DIFFERENTIAL
EVOLUTION (MODE)

The pseudocode of the proposed algorithm for
MOOP using DE is presented in Section 2.1. The DE
algorithm for MOOP is similar to the one presented in
Section 1.1 but with the following changes. In each
generation, the dominated solutions are removed from the
list and only the non-dominated solutions are allowed to
undergo DE operations. The scaling factor F' is generated
from a random generator between O and 1. The
offspring’s are placed into the population if they dominate
the main parent.

The algorithm works as follows: An initial population
is generated at random. All dominated solutions are
removed from the population. The remaining non-
dominated solutions are retained for recombination. Three
parents are selected at random. A child is generated from
the three parents and is placed into the population if it
dominates the first selected parent; otherwise a new
selection process takes place.

A. Pseudocode for MODE
The pseudocode of MODE used in the present study
is given below:
®  Choose a seed for the random number generator.
e [nitialize the values of D, NP, CR and MAXGEN (maximum
generation).

e [nitialize all the vectors of the population randomly. The
variable are normalized within the bounds.
fori=1toNP
{ forj=1toD
X;j =Lower bound+ random number *( upper
bound - lower bound))

o All the vectors generated should satisfy the constraints
(if present). Penalty function approach, i.e., penalizing
the vector by giving it a large value, is followed only for
those vectors, which do not satisfy the constraints.

. Evaluate the functions of each vector.
fori=1toNP

C; ;= functy) j=1,.., no of objectives

®  Remove all the dominated solutions using any one of the
approaches proposed(Deb.,2001 ).

[ Perform mutation, crossover, selection and evaluation of
the objective function for non-dominated solutions for a
specified number of generations.

While (gen < MAXGEN)
{ for i = 1 to number of Non-dominated solutions
{

e For each vector X; (target vector), select three distinct
vectors X, X, and X. randomly from the current
population other than the vector X;

do
{ r; = random number * NP
r, = random number * NP
r3 = random number * NP
}
while(r;=i)OR(r,=i)OR(r;=i)OR(r;=r;)OR(r,=r3;)OR(r,
=r3)

®  Perform crossover for each target vector X; with its
noisy vector X,,; and create a trial vector, X,,. The noisy
vector is created by performing mutation.

®  for binomial crossover

{ p = random number
Jrana = int(rand[0,1]* D)+1
forn=1toD
{ lf (P<CR orn :jrand)
Xi=Xpi+ F(Xpi-Xci)
X=X,
} else X,;=X;
}

®  Again, the NP noisy random vectors that are generated
should satisfy the constraints.

®  Perform selection for each target vector, X; by
comparing its function value with that of the trial vector,
X, . If X,; dominates completely X; then replace X; by

i
if (C,; dominates C; )

new X; = X, ;

else new X; = X; }

/* return the set of nondominated solutions */

/

®  Print the results (after the stopping criteria is met).

The stopping criteria may be of two kinds: 1) There
is no new solution added to the non-dominated front for
a specified number of generations, or 2) Assign an
upper bound on the number of generations. The
stopping criteria may be a combination of the two as
well. However, in this study, the second criteria is
applied.



IV. EXPERIMENTAL RESULTS

The algorithm is tested on the following solved
problems from [1]. All the test problems contain two
objective functions and two variables. Test problem 3 and
4 are MOOP problems involving constraints. The initial
population is randomly generated. The scaling factor F is
randomly generated for each variable. The algorithm is
written in standard C*™.

A. Test Problem 1

Scaling Factor (F) = Using random generator
Cross-over Constant (CR) =0.15

2) Simulation Results: In Figure 3, the non-
dominated solutions that are obtained from DE are
plotted with NSGA results for generations 1, 10 and
200. It is observed that NSGA captures multiple trade-
off solutions for a few iterations. However, if continued
for a larger number of iterations, a NSGA population
tended to show poor spread of solutions (Ng = 200).
However, in DE once the Pareto optimal set is obtained,
irrespective of the increase in generation number, the
distribution of points on the Pareto front is the same as
shown in Figure 4 (Ng = 1000).

Minimize f,(x)=x, (@)

Minimize f,(x)= l-l-ixz @
X

subjectto 0.1<x, <1 3

0<x, <5 @)

1) Parameters Used for DE:
Number of Population points (NP) = 100
Number of Iterations (Ng) = 200
DE Key Parameters:
Scaling Factor (F) = Using random generator
Cross-over Constant (CR) = 0.15

2) Simulation Results: In Figure 2, all the non-
dominated solutions obtained using MODE are plotted
with those obtained using NSGA. As can be seen, the
results obtained by both MODE and NSGA are exactly
matching in terms of objective function values. Also both
follow the same pareto optimal front. This simple
minimization problem is selected to check the validity of
the code developed. As the results are exactly matching, it
is further extended to solve other complex MOOP
problems.
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Figure 2 The performance of MODE compared with NSGA
for test problem 1

B. Test Problem 2

Maximize f,(x)=1.1-x, 5

Maximize f,(x)=60— 14-7)62 (©6)
X

subjectto 0.1<x, <1 @)

0<x,<5 ®)

1) Parameters Used for DE:
Number of Population points (NP) = 100
DE Key Parameters:
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Figure 4 f; vs. f, values for different values of the
generation number, Ng = 1000

C. Test Problem 3

Minimize f,(x)=x, 9

Minimize  f,(x) = I+x (10
1

subjectto g, (x)=x,+9x, 26 (11)

g, (x)=-x,+9x 21 (12)

0.1<x, <1 (13)

0<x,<5 (14)

1) Parameters Used for DE:
Number of Population points (NVP) = 100
DE Key Parameters:
Scaling Factor (F) = Using random generator
Cross-over Constant (CR) = 0.15

2)  Simulation Results: In this problem the
constraints are handled using penalty function approach.
This approach is generally applied to minimization
problems; however, a maximization function can be
handled by converting it into a minimization function
using the duality principle [1]. The constraints (Egs. 11
and 12) are normalized as shown in Eq. (15).

{(6—%1 _XZH}
F(x)=R,
|(6—-9x, - x,)| (15)
1-9x, +x,)+
RZ
[(1=9x, +x,)|

where R, R, are the penalty parameters. In this case both
the penalty parameter values are taken to be equal
(R, =R, =R). Now, the objective function is
reformulated as,

Minimize f,(x)=x, +F(x) (16)

1+x,

Minimize f,(x)= +F(x) a7)

X

The simulation results are carried out using
different values of R for Ng equal to 200. The results
are shown in Figure 5.
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Figure 5(a) f; vs. f, values for penalty
parameter, R = 0.01 and Ng =200
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Figure 5(c) f1 vs. f, values for penalty
parameter, R = 1.0 and Ng = 200
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Figure 5(d) f; vs. f, values for penalty
parameter, R = 10.0 and Ng = 200

When a small penalty parameter of 0.01 is used, the
resulting penalized objective function forms a Pareto-
optimal front different from the true Pareto-optimal front
reported in [1]. This is true even when the number of
generations is considerably increased as shown in Figure
6.
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Figure 6(a) f; vs. f, values for generation number,
Ng =300 and R = 0.01
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Figure 6(b) f; vs. f, values for generation number,
Ng =500 and R = 0.01

Though both DE and NSGA follows the same pattern,
it is observed that MODE gives good spread of solutions
than NSGA. When the penalty parameter is increased to
0.1 (Figure 5), the resulting Pareto-optimal front for the
two penalized functions given in Eq.s (16) and (17) is

close to true Pareto-optimal solution reported in [1]. It
is interesting to note that when the penalty parameter is
increased to R = 1 and R = 10, the spread of obtained
solutions is not as good as that with R = 0.1 in the case
of NSGA. Thus when the penalty parameter is increased
NSGA converges near a portion of the Pareto-optimal
front. These results show, how important is the choice
of penalty parameter to solve optimization problems
involving constraints using NSGA. However in DE, the
Pareto-optimal front is not so sensitive as NSGA. Due
to its robustness, DE could find the true Pareto-optimal
front even if the penalty parameter given is as high as R
= 10000, as shown in Figure 7.
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Figure 7 MODE for very high values of penalty
parameter, R

D. Test Problem 4

Application of MODE is further tested on an
engineering problem. This is a cantilever design
problem (Figure 8) with two decision variables, i.e.,
diameter (d) and length (/). The beam has to carry an
end load P. In this problem the two conflicting
objectives are minimization of the weight f; and
minimization of end deflection f,. The first objective
will resort to an optimum solution having the smaller
dimensions of d and /, so that the overall weight of the
beam is minimum. Since the dimensions are small, the
beam will not be adequately rigid and the end deflection
of the beam will be large. On the other hand, if the
beam is minimized for end deflection, the dimensions of
the beam are expected to be large, thereby making the
weight of the beam large. In this problem two
constraints are considered: 1) the developed maximum

stress O .. is less than the allowable strength S,, and

X
2) the end deflection ¢J'is smaller than a specified limit
of 0 nix - Considering all the above aspects, the
optimization problem is formulated as follows:

2
Minimize f,(d,l)= p”i ! (18)

64PI’ (19)

3Exd*

subjectto 0., <S, (20
5<65. @1

Minimize f,(d,)=0=



_32p1 22)

max 7l'd3
10<d <50 mm (23)
200 <1 £1000 mm 24)

The following parameter values are used:
p=7800kg/m’ P=1kN E=207GPa
S, =300 MPa 6, =5mm
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[

Figure 8 A schematic representation of a cantilever
beam

1) Parameters Used for DE:
Number of Population points (NP) = 100
DE Key Parameters:
Scaling Factor (F) = Using Random generator
Cross-over Constant (CR) = 0.15

2) Simulation Results: Figures 9 and 10 show many
solutions trading-off differently between the two
objectives. It is found that the results obtained using
MODE and NSGA are following the same front reported
in the literature [1]. An interesting feature to be noted is
that, irrespective of the increase in the number of
generations (Ng = 300 and Ng = 600) for fixed value of R
(Fig. 9), the pareto optimal front remains the same. The
same is also seen with increase in penalty parameter
values (R = 100 and R =1000) for fixed number of
generations (Fig. 10). This observation is different from
that observed using NSGA in problems 2 and 3. This
shows that NSGA is problem specific, while DE is robust
to all the problems considered. Thus the robustness of
MODE is also tested by applying to an engineering
problem.
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Figure 9(a) f; vs. f> values for generation number,
Ng =300 and R = 10
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Figure 9(b) f; vs. f, values for generation number,
Ng =600 and R =10
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Figure 10(a) f; vs. f, for Penalty parameter,
R =100 and Ng =200
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Figure 10(a) f; vs. f, for Penalty parameter,
R =1000 and Ng = 200

V. DISCUSSION

As shown in Figure 3 and 5, DE is able to generate
uniform distribution of solutions  even at high
generations and at high penalty parameter values. This
robustness of DE is attributed to its mutation operator.
A real coded GA generates mutation vectors by
adaptively scaling and correlating the output of pre-
defined, multivariate probability distribution, whereas
DE just randomly samples the object vector population
for them. As Eq. (25) shows, DE mutates an object
vector by adding the wighted difference of a randomly
chosen pair of object vectors to it:



r, e {1.2,...., NP},
randomly selected, (25)
except:.n, #r, i

Ui =Xigt F(xrl.G _xrz.G)

where, U; ., is the offspring formed and Ng represents

the generation number.

The possibility of 7; =7, can safely be eliminated,
since no mutation ever occurs with this combination of
indices. Also, the cases of #, =i and r, =i are excluded

because they effectively transform Eq. (25) into a
crossover procedure. In fact, DE’s simple mutation
scheme is often mistaken for real coded GA crossover and
a comparison of Eq.s (25) and (26) shows why:

re {1,2,...., NP},

randomly selected,, (26)
except:r; #1i

U =% 6 Tk, (x(,.G _xi.G)

Eq. (25) is the DE mutation operation, whereas Eq.
(26) is the formula for real coded GA crossover. The
difference, of course, is that Eq. (26) is a general linear
combination of two vectors, whereas Eq. (25) is a special
case of linear combination of three vectors. In both cases,
new vectors are generated that are linear combinations of
existing object vectors.

Despite their similarity, the processes defined by Egs.
(25) and (26) search the space of object vectors in very
different ways. For example, the GA crossover Eq. (26)

provides a way for X; ; to become more like another
vector in the population. In particular, the special case
kx =1 effectively transform Eq. (26) into a replacement
operation that attempts the wholesale substitution of X6
for X; g - For other values of k .» Eq. (26) limits the
search for a new X, ; to points along one of the NP-1
axes that join X;, with every other vector in the
population. The randomly chosen index r, determines

which axis will be searched, while kx determines which
points on the chosen ases is actually tested. Furthermore,
when added to XG> the increment: kx (xrs’G —xi’G)

moves U; ; either toward, or away from X, G- As such,

any constant value of kx other than zero introduces a bias

into the search by consistantly moving each vector either
closer to (0<k,<1), or further away from

(kx <0,k > 1) , other object vectors in the population.

Unlike the steps generated by Eq. (26), the mutation
vectors produced by Eq. (25) do not contain any reference

to X; ;. Inits place is a second, randomly chosen object

vector, the inclusion of which expands the number of
search axes to: (NP —1)(NNP —2)/?2. Further more,

since random sampling assures that each differential,

(xr_ G —X,.g) ~occurs as often as does its opposite,

(er,G — X, ), the distribution that Eq. (25) generates

is guaranteed to exhibit a zero mean. Consequently, a
constant value of F scales the magnitude of the step

sizes but does not bias the search like kK does in Eq.

(26). Additionally, there is no value of F for which Eq.
(25) becomes a replacement operator, so the
population’s diversity cannot be threatened in this way.
As has ben seen, DE is a consistent evolutionary
approach to real parameter optimization in which both
the mutation and recombination are simple operations
that randomly sample linear combination of object
vectors. Thus instead of falling easy prey to the generic
pathologies, DE’s simple mutation scheme has proven
itself to be remarkably resistant to them.

VI. CONCLUSIONS

In this paper, a Differential Evolution approach is
presented for multi-objective optimization problems.
The algorithm developed is tested for four standard
problems and it is found that DE algorithm (MODE) is
more successful in giving good spread of solutions
maintaining both diversity and convergence. The
MODE results are compared with NSGA and it is
shown that MODE gives a uniform distribution of
solutions even when run for higher iterations and also
when the penalty parameter is over emphasized. The
crossover and mutation rates are selected based on trial
runs, however it is seen that larger number of non-
dominated solutions are obtained at low crossover rates.
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