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Abstract. Most of the real world optimization problems are multi-objective in 
nature. Recently, Evolutionary algorithms are gaining popularity for solving 
Multi-Objective Optimization Problems (MOOPs) due to their inherent advan-
tages over traditional methods. In this paper, Differential Evolution (an evolu-
tionary algorithm that is significantly faster and robust for optimization prob-
lems over continuous domain) is extended for solving MOOPs and we call this 
extended algorithm as Non-dominated Sorting Differential Evolution (NSDE). 
The proposed algorithm is applied successfully to two different benchmark test 
problems. Also, the effect of various key parameters on the performance of 
NSDE is studied. A high value of crossover constant (≅ 1) and a value of 0.5 
for scaling factor are found suitable for both the problems. 

1   Introduction 

Many engineering applications involve multiple criteria, and recently, the exploration 
of Evolutionary Multi-Objective Optimization (EMOO) techniques has increased [1]. 
The ideal approach for a multi-objective problem is the one that optimizes all con-
flicting objectives simultaneously. Classical optimization methods can at best find 
one solution in a single run, on the other hand evolutionary algorithms can find mul-
tiple optimal solutions in a single run due to their population based approach. Addi-
tionally, evolutionary algorithms are less susceptible to problem dependent character-
istics, such as the shape of the Pareto front (convex, concave, or even discontinuous), 
and the mathematical properties of the search space, whereas these issues are of con-
cerns for mathematical programming techniques for mathematical tractability.  

Schaffer [2] proposed the first practical approach to multi-criteria optimization us-
ing EAs, Vector Evaluated Genetic Algorithm (VEGA). After that there have been 
several other versions of evolutionary algorithms that attempt to generate multiple 
non-dominated solutions such as [3, 4]. The concept of Pareto-based fitness assign-
ment was first proposed by [5], as a means of assigning equal probability of repro-
duction to all non-dominated individuals in the population. Fonseca and Fleming [6] 
have proposed a multi-objective genetic algorithm (MOGA).  Srinivas and Deb [7] 
proposed NSGA, where a sorting and fitness assignment procedure based on Gold-
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berg’s version of Pareto ranking is implemented. Horn et al. [8] proposed Niched 
Pareto Genetic Algorithm (NPGA) using a tournament selection method based on 
Pareto dominance. Knowles and Corne [9] proposed a simple evolution strategy (ES), 
(1+1)-ES, known as the Pareto Archived Evolution Strategy (PAES) that keeps a 
record of limited non-dominated individuals. The more recent algorithms include the 
Strength Pareto Evolutionary Algorithm (SPEA) algorithm [10], NSGA-II [11], 
Pareto-frontier Differential Evolution [12], and Multi-Objective Differential Evolu-
tion [13, 14, 15, 16, 17].   

Differential Evolution (DE), a recent optimization technique proposed by [18], is 
an exceptionally simple evolution strategy, which is significantly faster & robust at 
numerical optimization and is more likely to find a function’s true global optimum. 
Simple GA uses a binary coding for representing problem parameters whereas DE 
uses real coding of floating point numbers. Among the DE’s advantages are its simple 
structure, ease of use, speed and robustness.  

Original DE [18] dealt with a single strategy. Later on ten different strategies have 
been suggested [18]. A set of control parameters that works out to be the best for a 
given problem may not work well when applied for a different problem. The best 
value of control parameters to be adopted for each problem is to be determined sepa-
rately by trial & error. Similarly, the strategy that works out to be the best for a given 
problem may not be effective when applied to some other problem. 

DE has been successfully applied in various fields. Previous studies [20, 21, 22, 
23, 24, 25, 26] have shown that DE is an efficient, effective and robust evolutionary 
optimization method. The detailed DE algorithm and code are available in literature 
[18, 19].  Onwubolu & Babu [27] and Babu [28] included in their books many suc-
cessful applications of DE for various engineering problems. 

Previously, a few researchers [11, 13, 14, 15, 16] studied the extension of differen-
tial evolution to multi-objective optimization problem in continuous domain, but 
using different approach from that described in this paper. In this paper, NSDE, a 
simple extension of DE (where same mutation & crossover scheme is used as in DE, 
however the selection criterion is modified as it is being used for solving MOOPs) is 
proposed and tested on the two test problems. One test problem is Schaffer’s function 
and the other is cantilever design problem. 

2 Multi Objective Optimization Problems (MOOPs) 

As the name suggests, a multi objective optimization problem deals with more than 
one objective function. In most practical decision-making problems multiple 
objectives or multiple criteria are evident. Multi-Objective optimization is sometimes 
referred to as vector optimization, because a vector of objectives, instead of a single 
objective, is optimized. General form of the multi-objective optimization problem 
(MOOP) is given as follows [29]: 

 
 

Minimize / Maximize   fm (x)  m = 1, 2,…., M.  
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Subject to  gj (x)  j = 1, 2,….., J. 

                                       hk (x)  k = 1, 2 ,….., K. 

                                   xi
(L) ≤ xi ≤ xi

(U)  i = 1, 2,……n. 

(1) 

 
A solution x is a vector of n decision variable: x = (x1, x2…xn)T. The last set of 

constraints are called variable bounds, restriction each decision variable xi to take a 
value with a lower limit xi

(L) and an upper xi
(U) bound. These bounds constitute a deci-

sion variable space D, or simply the decision space. Associated with the problem is J 
inequality and K equality constraints. The terms gj (x) and hk (x) are called constraint 
functions. The inequality constraints are treated as ‘greater-than-equal-to’ types al-
though a ‘less-than-equal-to’ type inequality constraint must be converted into a 
‘greater-than-equal-to’ type constraint by multiplying the constraint by -1. A solution 
x that does not satisfy all of the (J + K) constraints and all of the 2n variable bounds 
stated above is called an infeasible solution. On the other hand, if any solution x satis-
fies all constraints and variable bounds, it is known as a feasible solution. Therefore, 
we realize that in the presence of constraints, the entire decision variable space D 
need not be feasible. The set of all feasible solutions is called the feasible region, of 
S.  

A multi-objective optimization problem and its global optimal solution(s) can be 
defined in many ways. A solution is Pareto-optimal if it is dominated by no other 
feasible solution, which means that there exists no other solution that is superior at 
least in case of one objective function value and equal or superior with respect to the 
other objective functions values [29]. 

3 Non-dominated Sorting Differential Evolution (NSDE) 

NSDE algorithm is a simple extension of DE for solving multi-objective optimization 
problems. The working of NSDE and DE is similar except the selection operation that 
is modified in order to solve the multi-objective optimization problems. The detail of 
the NSDE algorithm is as follows: 

First of all set the set the key parameters, i.e., CR - crossover constant, F - scaling 
factor, NP - population size, Max_gen – maximum number of generations of NSDE 
algorithm. And then randomly initialize the population points within the bounds of 
decision variables. After initialization of population, randomly choose three mutually 
different vectors for mutation and crossover operation (as is done in DE algorithm) to 
generate trial vector. Evaluate the trial and target vector and perform a dominance 
check. If trial vector dominates the target vector, the trial vector is copied into the 
population for next generation otherwise target vector is copied into population for 
next generation. This process of mutation crossover, and dominance check is repeated 
for specified number of generations. Evaluate and then sort this final population to 
obtain the non-dominated solutions. Sorting can be done using any of the standard 
approaches reported in [29]. In the present study, naïve and slow approach. In this 
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approach, each solution i is compared with every other solution in the population to 
check if it is dominated by any solution in the population. If no solution is found to 
dominate solution i, it is member of the non-dominated set otherwise it does not be-
long the non-dominated set. This is how any other solution in the population can be 
checked to see if it belongs to the non-dominated set.  

The stopping criteria for the algorithm can be any one of the following conditions: 
(a). There is no new solution added to the non-dominated front for a specified 

number of generations. 
(b). Till the specified number of generations. 

However, in this study, the second condition is used as termination criterion. The 
pseudo code of NSDE algorithm used in the present study is given below: 

 
Set the values of NSDE parameters D, NP, CR and Max_gen (maximum genera-

tions). 
Initialize all the vectors of the population randomly within the bounds. 

  for i = 1 to NP 
for j = 1 to D 
    Xi,j =Lower bound+ random number *( upper bound - lower 

bound); 
End for 

   End for 
Perform mutation, crossover, selection and evaluation of the objective function for 
trial and target vector for a specified number of generations. 

While (gen < Max_gen) 
{ for i = 1 to NP  /** first for loop***/ 

{  For each vector Xi (target vector), select three distinct 
vectors Xa, Xb and Xc randomly from the current popula-
tion other than the vector Xi 

       do 
{  r1 = random number * NP 

r2 = random number * NP 
r3 = random number * NP 

} While (r1=i) OR (r2=i) OR (r3=i) OR (r1=r2) OR (r2=r3) 
OR (r1=r3) 

Perform mutation and crossover for each target vector Xi and create a 
trial vector, Xt,i.  
For binomial crossover: 

{ p = random number 
jrand = int (rand[0,1]* D)+1 
for n = 1 to D 

{  if ( p<CR or n = jrand ) 
Xt,i = Xa,i + F ( Xb,i - Xc,i ) 

}  else  Xt,i = Xi,j 
} 
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Perform selection for each target vector, Xi by comparing its function 
value with that of the trial vector, Xt,i . If Xt,i dominates Xi then select 
Xt,i  otherwise select Xi for the next generation population.  

If (Xt,i dominates Xi) 
Put Xt,i  into next generation population 

else Put Xi into next generation population 
}  /** End of first for loop***/ 

} /** End of while loop***/ 
Evaluate the objective functions for each vector. 

for i = 1 to NP 
Ci,j = functj( ).   j = 1,.., no of objectives 
Remove all the dominated solutions using any one of the ap-
proaches proposed in [29].  In the present study, the naïve and slow 
approach is used. 

Print the results (after the stopping criteria is met). 

4 Test Problems 

The algorithm is tested on the following two test problems [29]. The first problem is 
of one dimension while the other is of two dimensions. 

Schaffer’s function. This problem consists of two objectives to be minimized as 
shown in equation-2. 

   Minimize  f (x) = x2 

         Minimize      g (x) = (x-2)2 

          where -1000< x <1000 

 
(2) 

Cantilever Design Problem. A cantilever design problem with two decision 
variables is considered i.e. diameter (d) and length (l). The beam has to carry an end 
weight load P. Minimization of weight f1 and minimization of end deflection f2. The 
first objective will resort to an optimum solution having the smaller dimensions of d 
and l, so that the overall weight of the beam is minimum. Since the dimensions are 
small, the beam will not be adequately rigid and the end deflection of the beam will 
be large. On the other hand, if the beam is minimized for end deflection, the 
dimensions of the beam are expected to be large, thereby making the weight of the 
beam large.  
 

Minimize  f1 and f2 

       Where  
4
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2

1
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Subject to  and  yS≤maxσ maxδδ ≤

maxδ  is calculated using 3max
32

d
Pl

π
σ =  and the following parameters are used ρ  

= 7800kg/m3, P = 1kN, E  = 207GPa,  = 300Mpa,   = 5mm. yS maxδ

5 Results and Discussion 

5.1 Schaffer’s function 

Various experiments have been carried out in order to test the proposed algorithm by 
studying the effect of Max_gen, CR, and F for Schaffer’s function. 

Effect of Max_gen. The Pareto optimal front obtained using NSDE algorithm is 
shown in Fig. 1. The key parameters used are NP = 40, CR = 0.5, F = 0.2, Max_gen = 
300, and seed = 10. It can be seen that maximum value of f is 4.0 and maximum value 
of g is 4.0. All other values of f and g will lie within these values for Pareto optimal 
solution. Fig. 2 shows effect of Max_gen on the number of solutions in final Pareto 
set (NPS) taking NP = 100. It is clear that with increase in Max_gen, NPS also 
increases and after Max_gen = 200, there is no significant increase in NPS. Therefore, 
an appropriate value of Max_gen seems to be about 200 giving NPS = 99% of initial 
population, i.e., NP.  

When ten experiments with different seed values are carried out, the value of NPS 
was found to vary from 95 to 100% with an average of 98%. When an experiment is 
done with NP = 400, Max_gen = 300, and other parameters same as mentioned ear-
lier, NPS is found to be 379 (Fig. 1) and at Max_gen = 200, NPS is found to be 375. 
This further establishes the fact that an appropriate value of Max_gen is 200 giving 
NPS about 94 to 100% of initial population, i.e., NP. However, an appropriate value 
of Max_gen may vary from problem to problem. Higher population size leads to a 
better Pareto front in terms of number of choices for optimal solutions (Fig. 1). 

2nd Indian International Conference on Artificial Intelligence (IICAI-05)

1433



Effect of CR and F. The effect of CR and F is studied using the following settings: 
NP = 100, Max_gen = 300, CR = 0.5 if F is varied and F = 0.5 if CR is varied. Fig. 3 
shows the Pareto front when F is fixed at 0.5 and CR is varied in steps of 0.1. It is 
observed that CR has no effect on NPS and Pareto front. In all the experiments with 
CR varying from 0.1 to 1.0, NPS is found to be 99 and exactly same Pareto front is 
obtained (Fig.3a). However for a different seed value, the distribution of solutions on 
the Pareto front is different (Fig. 3b) but NPS is nearly same (98).  

Also, it is found that F does have little effect on NPS (95 to 99) but the distribution 
(spread) of solutions on Pareto front is different for different values of F (Fig. 4a, 4b) 
for same seed value. It is important to note that spread is different not only for differ-
ent values of F but also for different seed values. 
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Fig. 1. Pareto Optimal Front for Schaffer’s function using different NP 

 

2nd Indian International Conference on Artificial Intelligence (IICAI-05)

1434



30

40

50

60

70

80

90

100

0 50 100 150 200 250 300
Max_gen

N
PS

 
Fig. 2. Effect of Max_gen on NPS 
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Fig. 3. Effect of CR and seed on Pareto optimal front for Schaffer’s function 
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(a). (Seed = 10, F = 1.2)    (b). (Seed = 10, F = 0.2) 

Fig. 4. Effect of F on Pareto optimal front for Schaffer’s function 

5.2 Cantilever design problem 

Effect of Max_gen. The Pareto optimal front is shown in Fig. 5 for the following 
setting of parameters: population size (NP) = 100, CR = 0.5, F = 0.5, seed = 11, and 
Max_gen =500. It can be seen that maximum value of weight (kg) is 3.04 and 
maximum value of Deflection (mm) is 2.06 as compared literature value of 3.06 & 
2.04 respectively. All other values of weight and deflection will lie within these 
values of Pareto optimal solution. Fig. 6 shows effect of Max_gen on NPS. It is clear 
that with increase in Max_gen, NPS also increases and after Max_gen = 300, there is 
no significant increase in NPS but a good shape of Pareto optimal front is found after 
500 generations. Therefore, an appropriate value of Max_gen seems to be about 500 
giving NPS = 58% of initial population (NP).  

When ten runs with different seed values are carried out, the value of NPS was 
found to vary from 50 to 58% with an average of 54%. When an execution is done 
with NP = 400 and keeping other parameters same as mentioned earlier, NPS is found 
to be 34.5% as against 54% for NP = 100. At Max_gen = 700 and 1000, NPS is found 
to be 39% and 45% respectively. This indicates that increase in NP does not lead to a 
corresponding increase in NPS if number of Max_gen is held constant. This is not 
similar to that found for Schaffer’s function. Higher population size needs higher 
number of generations to get a better Pareto front in terms of both quantity (NPS) and 
quality (spread & shape i.e. global Pareto front). 
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Fig. 5. Pareto Optimal Solutions for Cantilever Design Problem 
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Fig. 6. Effect of Max_gen on NPS 
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Effect of CR & F. First the effect of F is studied using CR = 0.5, NP = 100, Max_gen 
= 500, seed = 10. Fig. 7 shows the Pareto optimal solution obtained for two different 
values of F (0.1 and 0.5). It is clear that the value of F not only affects the NPS but 
also the distribution (spread) of Pareto optimal solutions on Pareto front. It is found 
that values of NPS are 47 and 58 for F = 0.1 and 0.5 respectively. NPS is found to 
vary from 47 to 58% as shown in Fig. 8. As is evident from Fig. 8, F = 0.5 seems to 
be good giving highest NPS and good distribution of solutions on Pareto front (Fig. 
7b). 
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(a). F = 0.1     (b). F = 0.5 

Fig. 7. Effect of F on Pareto optimal front for cantilever design problem 

The change in maximum and minimum values of objective functions with F is 
shown in Table-1. This gives information about how sensitive the extremes values of 
objective functions are as value of F changes. And the variation is significant in val-
ues of Weight (max) & Deflection (max) for F = 0.5 and 0.8. 
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Fig. 8. Effect of F on NPS 

Table 1. Variation of objective function values (maximum & minimum) with F 

F Weight (max) Deflection (max) Weight (min) Deflection (min) 
0.1 2.8218 2.0285 0.4412 0.0500 
0.5 2.7471 2.0169 0.4426 0.0526 
0.8 2.9966 1.8470 0.4668 0.0499 
1.2 2.9657 1.9456 0.4672 0.0490 

 
To study the effect of CR, the parameter setting is as follows: F = 0.5, NP = 100, 

Max_gen = 500, seed = 10. The CR is changed in steps of 0.1 from 0.1 to 1.0. Fig. 9a, 
9b, and 9c show the Pareto optimal solutions for CR = 0.1, 0.5, and 1.0 respectively. 
It is evident from Fig. 9 that higher value of CR  (≅ 1.0) results in good shape, i.e., 
global Pareto front. As shown in Fig. 9a and 9b, some of the solutions are not lying 
on the Pareto front for lower value of CR, i.e., 0.1 & 0.5. This indicates that for a 
given Max_gen, a higher value of CR ≅ 1.0 works better. Fig. 10 shows the variation 
of NPS with CR. It is clear that NPS first increases from 33 to 53 till CR = 0.3, then 
decreases slightly at CR = 0.4 and again increases to 59 at CR = 0.6 and then de-
creases slightly to 57 at CR = 0.7. And then it increases to a value of 62 at CR = 1.0. 
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        (a). CR = 0.1         (b). CR = 0.5 
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(c). CR = 1.0 
 

Fig. 9. Effect of CR on Pareto optimal front for cantilever design problem 

The change in maximum and minimum values of objective functions with F is 
shown in Table-2. This is clear from Table-2 that extreme values of the objective 
functions change with CR. However the variation is small as compared to effect of F 
(Table-1). 

Table 2. Variation of objective function values (maximum & minimum) with CR 

CR Weight (max) Deflection (max) Weight (min) Deflection (min) 
0.1 2.9703 2.0723 0.4465 0.0447 
0.5 2.7960 2.0095 0.4430 0.0531 
1.0 2.9103 1.9982 0.4451 0.0469 
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Fig. 10. Effect of CR on NPS 

6 Conclusions 

This paper deals with the extension of DE (i.e. NSDE) for solving MOOPs. Two 
problems, one standard test problem and cantilever design problem are solved using 
proposed NSDE algorithm. The results indicate that NSDE is able to locate the global 
Pareto front for two test problem studied. The effects of various parameters of NSDE 
i.e. Max_gen, CR, and F are discussed & analyzed. It is found that for both the test 
problems a increase in Max_gen increases the NPS up to a certain value after that 
there is no significance increase in NPS. This certain value is problem dependent and 
is found to be different for the two problems studied. For Schaffer’s function it is 
about 200, while for cantilever design problem it is about 500. The effect of CR is 
significant in case of cantilever design problem while it does not affect the Schaffer’s 
function. A high value of CR (≅ 1) is found suitable for both the problems. It is im-
portant to note that F not only affects the NPS but also the distribution of solutions in 
Pareto front for both the problems. A value of F (= 0.5) is found suitable for both the 
problems.  

Future study will demonstrate the application of NSDE to more test functions, en-
gineering problems and the comparison of performance with other techniques. Also, 
the performance of NSDE algorithm will be evaluated for constraint MOOPs. 
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